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Making sequential decisions everywhere
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A key observation of MDP
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Combinatorial

State-action pairs are
Ix®  triggered to be observed
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Can MDP be modeled in the framework of Combinatorial MAB?



Multi-armed bandits (MAB)

% items, products, movies, companies, ... ]

* A player and m arms
* Each arm i has a reward distribution P; with unknown mean y;

e Ineachroundt =1,2, ...:
* The agent selectsanarm I € {1,2, ..., m}
* Observes reward X;~Pp,

* Objective: Minimize the regret in T rounds
T
Reg(T) =T -y — E zt_lﬂlt]

best arm

Assume rewards are bounded on [0,1]



Upper confidence bound (UCB)

e With high probability = 1 — & By Hoeffding’s inequality -l
X log1/6 X log1/6 e
M €|l — T Hi + T ¢
'/ V l\ V l - A 7 1 Arm?2
Sample mean Selection times of arm i

* Optimism in face of uncertainty:
* Believe arms have higher rewards, encourage exploration

* For each round t, select the arm Epr0|tat|on

: ,lo 1/6
A = min gap between best ](t) = argmax;e(g ‘ul g1/
and suboptimal arms T;i(t)

* Regret H(mlog T/ ) = \/mT l()g T Exploration

® Empirical mean
® True mean



Combinatorial multi-armed bandits (CMAB)

* A player and m arms
* Each arm i has a reward distribution P; with unknown mean y;

* |[n each round t = 1,2, e 2 shortest paths, a list of items, influential seed set ]
* The agent selects an arm set §; € {1,2, ..., m} with size < K
* Observes feedback Xt,iNPi foreachi € S; { semi-bandit feedback ]
* Receive reward R:(5;) = )l;cs, X¢ i with mean p(Sy) = Xjes, Ui

* Objective: Minimize the regret in T rounds \[ sum reward |
T
Reg(T) =T -u(S*) — E z u(S;) Exponential # of actions (m) !
t=1 K

best set




Combinatorial UCB [chen et al., 13]

e Ineachroundt =1,2, ...:

n log1/6 )
* Compute UCB;; = 1; + OTg_(té foreach arm i
l
e Select the action S = arg max ),;-< UCB;;
gS:|S|SKZlES t1
° Regret Ov(\/mKT) p Offline N p Online N
Combinatorial +: ES::;::Q; r;tsal L UCB est'imates |
Problem | fugi€ m]) | {UCBy;:i € [m]}
\ / \ Arm1  Arm 2 /

—

{ Environment }
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Specialties of MDP: Triggering

* Triggering has been dealt before with CMAB
(S5 u) — (S p)
< (St UCBe) — 7(Se; 1)
Once observed, the }

= z _Dbi (Stl [1) ) |UCBt,i o l’ll‘ % UCB will decrease

iESt

[Triégg probability ] =0 . -
7
Triggering set £/ /
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1. Does MDP follows such triggering -
o ¢ @
smoothness ?
Inactive Successful activation
@ Active Unsuccessful activation |nﬂuence MaX|m|Zat|On o]

@ Formerly active No activation attempted



Specialties of MDP: Vector-value

* Transition follows categorial distribution

h=1 h = h=3

Could also treat transition as S Bernoulli variables
But with worse concentration
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Offline Online
N ™
Combinatorial | Environmental ] Confidence set
Problem of=! Parameters r (Ciii € [m])
 Confidence set ;
\ % \_ )
2. Does there exists a solver based on |
confidence set for MDP ? ) (
Solver » Environment
Confidence SetJ L © o




Triggering smoothness & concentration

* Lemma. Episodic MDP satisfies
[Vi(sy; 0, m) — Vi(sy; p, 1)

visitation probability ]

<z %a,h; ,ﬂ)‘( (- Is,a,h) — »(: |s,a,h))TVh+1(.| ,ﬂ)‘

s,a,h

* (Bound 1) < HY 50 nq (s, a, h; p, 0 ( Is,a,h) —p( s, a, )|l

[ save VS compared to }
independent Bernoulli r.v.

e Conce ntl;ation Wal transition ] \
2STog(1/6)

Ct — S AS: ” (. |S) a, h) R p\t(. |S) a, h)”l < Nt(S, a, h) '

\ \ )
# of times visiting (s,a,h) ]
0

1

AN




Offline solver: Extended value iteration

* (., P) = argmaxy sec, V1 (s1;P, )
e h=HH-1,..,1
* pCls,ah) = argmaxﬁectﬁ(-)TVt,hﬂ(-)
* Qi(s,a,h) =71(s,a,h) +p.(|s,q, h_)TVt,h+1(')
* m.(s;h) = argmax,Q.(s,a, h) and V; ,(s) = max,Q.(s,a, h)

* Linear problem over a convex polytope, solvable in 0(5§2%A)

* Regret 6 (\/H4SZAT)ﬁ not optimal ! }

6(\/%) worse than SOTA




Tighter smoothness & concentration

* Lemma. Episodic MDP satisfies
[Vi(sy; 0,m) = Vi(sy; p, 1)

<> aGaknm|(Clsah) = pClsah) Vi)
s,a,h )‘ unknown

L

R T < VarpsamVies O
* Cp = { € As: (G ls,a,h) =B Is,a,h)) Vg (- l,m) <0 (\/ arp(zl/t(s’ﬁhl;ﬂ ])}

« < ¢.(s,a,h)



Offline solver: Optimistic value iteration

* (4, De) = argmaxy sec, V1 (s1;P, )
e h=HH-1,..,1
* Pe(ls,a,h) = argmaxﬁegtﬁ(-)TVt_hﬂ(-)

Qt(S; a, h) = T'(S, a, h) + (:bt(SJ a, h) + ﬁt( |S: a, h)TVt,h+1(°)
. (s; h) = argmax, Q. (s, a, h) and V; ;,(s) = max,Q.(s, a, h)




Result

» Regret O(/H3SATlog(SAHT) + H3S2Alog3/?(SAHT))
* Match lower bound Q(\/H3SAT) up to log factors

* Save 0(10g5/2 (SAHT)) factor for O(V/T) term
compared to

* As a by-product, this work could derive
gap-dependent bound naturally

Vector-valued
CMAB-Trig

Episodic
Trig MDP



Beyond MDP



Generalization of smoothness & confidence

* Lemma. Episodic MDP satisfies
|V1(Sl; ,TL') _ Vl(Sl;p' TL')l S z hq(S’ a, h; p' TL') ‘( ( |S, a, h) - p( |S, a, h))TVh+1(' | ,TL')‘

s,a,

* Assumption (Smoothness Condition).
r(m ) —rmol < ) q@rm) - |06 = m ) w1, m)]

. ) - weight € [0, w]
] ] triggering probability ] denend on bolic
* Confidence region p policy

—
c<n>={ € 0,11 (1. () = @) Wil 1 m)| < /N(gﬂv;yv"e[m]}

where ¥icrm q(G um)FE < F

i€[m]
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Generalization of solver

* Assumption (Offline Oracle).
Input: Confidence region C defined on policy
Output: Action-parameter pair (7, fi) = O(C) s.t.
o 7 €11, € C(7)
* isan a-approximation, i.e.,

7o) > . .
NmMLJ%m%%bNmM)

* Objective: Minimize a-Regret E[),; o - r(t™; ) — r(mg; p)]



Result

* Theorem. CUCB-MT achieves an a-approximate regret of
0 (Jm(ﬁ T OT +m( + ])1og(1<r))

 (Concentration 1) u € C.(")
e (Concentration 2)

1 J

() = () (Wi e ) = wiC )| < 6,

for (s, fi;) = 6(€t) _
where ¥icrn q(G 0, m)GE < G

\LAGAERG



Analysis

* Regret decomposition + CMAB-T analysis (e.g., triggering probability
equivalence, reverse amortization, regret allocation)

Ar, = a-r(n"; p) — r(me; p)
(joint oracle)

< r(me; for) — r(me; @)
(1-norm MTPM)

< » g

i€[m]

< > g

i€[m]:N;_1,;>0

(foe,i — Ili)TW?’7Tr

(e — ) "W |+ @™ (i — e_1,) W™

T = ) WP wET) [+ 3T g
iE[m]:Nt_L,-:O
(concentration) 2F. : + G ;)2 21, + J. :
D S e =t S ML
o t—1,i t—1,i .
i€[m]:N¢_1,;>0 i€[m]:Ny_1,;=0
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Application: Probabilistic Maximum Coverage

* Probabilistic maximum coverage (PMC)
* Weighted bipartite graph ¢ = (U,V,E, p)
* Each vertex u € U independently try to cover its neighborv € V
* Probabilistic maximum coverage for goods distribution (PMC-GD)
* Weighted bipartite graph ¢ = (U,V,E, p)
* Each vertex u € U will cover one of its neighbor v € V and },,p,, < 1

* CUCB-MT achieves (1 — 1/e)-regret O(/K|U||V|T)
* K is the seed set size
* Improve over existing work [Wang & Chen, 17] by a factor of \/|V|
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