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The friendship riddle

• Does every set of six people contain three mutual acquaintances or 
three mutual strangers? 
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R(3,3)=6
R(3,4)=R(4,3)=9
R(3,5)=R(5,3)=14
R(3,6)=R(6,3)=18



(classical) Ramsey number

• A 2-coloring of the edges of a graph 𝐺 is any assignment of one of 
two colors of each of the edges of 𝐺

• Let 𝑝 and 𝑞 be positive integers. The (classical) Ramsey number 
associated with these integers, denoted by 𝑅(𝑝, 𝑞), is defined to be 
the smallest integer 𝑛 such that every 2-coloring of the edges of 𝐾𝑛 
either contains a red 𝐾𝑝 or a blue 𝐾𝑞  as a subgraph

• It is a typical problem of extremal graph theory
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Examples

• 𝑅 1,3 = 1

• (Ex2, S1.8.1, H) 𝑅 1, 𝑘 = 1

• 𝑅 2,4 = 4

• (Ex3, S1.8.1, H) 𝑅 2, 𝑘 = 𝑘

• Theorem (1.61, H; 8.3.1, 8.3.9, W) 𝑅 3,3 = 6
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Examples (cont.)

• Theorem (1.62, H; 8.3.10, W) 𝑅 3,4 = 9

• (Ex4, S1.8.1, H) 𝑅 𝑝, 𝑞 = 𝑅(𝑞, 𝑝)
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Bounds on Ramsey numbers

• Theorem (1.64, H; 2.28, H; 8.3.11, W) If 𝑞 ≥ 2, 𝑞 ≥ 2, then
𝑅 𝑝, 𝑞 ≤ 𝑅 𝑝 − 1, 𝑞 + 𝑅 𝑝, 𝑞 − 1

Furthermore, if both terms on the RHS are even, then the inequality 
is strict

• Theorem (1.63, H; 2.29, H) 𝑅 𝑝, 𝑞 ≤
𝑝 + 𝑞 − 2
𝑝 − 1

• Theorem (1.65, H) For integer 𝑞 ≥ 3, 𝑅 3, 𝑞 ≤
𝑞2+3
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• Theorem (1.66, H; 8.3.12, W; Erdős and Szekeres 1935) 
If 𝑝 ≥ 3, 𝑅 𝑝, 𝑝 > 2𝑝/2

6



Graph Ramsey Theory

• Given two graphs 𝐺 and 𝐻, define the graph Ramsey number 𝑅(𝐺, 𝐻) 
to be the smallest value of 𝑛 such that any 2-coloring of the edges of 
𝐾𝑛 contains either a red copy of 𝐺 or a blue copy of 𝐻
• The classical Ramsey number 𝑅(𝑝, 𝑞) would in this context be written as 
𝑅(𝐾𝑝, 𝐾𝑞)

• Theorem (1.67, H) If 𝐺 is a graph of order 𝑝 and 𝐻 is a graph of order 
𝑞, then 𝑅(𝐺, 𝐻) ≤ 𝑅(𝑝, 𝑞)

• Theorem (1.68, H) Suppose the order of the largest 
component of 𝐻 is denoted as 𝐶(𝐻). 
Then 𝑅(𝐺, 𝐻) ≥ (𝜒(𝐺) − 1)(𝐶(𝐻) − 1) + 1 
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Graph Ramsey Theory (cont.)

• Theorem (1.69, H; 8.3.14, W) 𝑅 𝑇𝑚, 𝐾𝑛 = 𝑚 − 1 𝑛 − 1 + 1
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More on pigeonhole principle

• Proposition (8.3.1, W) Among 6 people, it is possible to find 3 mutual 
acquaintances or 3 mutual non-acquaintances
• ⇔ For every simple graph with 6 vertices, there is a triangle in 𝐺 or in ҧ𝐺

•  Theorem (8.3.2, W) If 𝑇 is a spanning tree of the 𝑘-dimensional cube 
𝑄𝑘, then there is an edge of 𝑄𝑘  outside 𝑇 whose addition to 𝑇 creates 
a cycle of length at least 2𝑘

• ⇒ Every spanning tree of 𝑄𝑘  has diameter at least 2𝑘 − 1
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More on pigeonhole principle 2

• Theorem (8.3.3, W; Erdős–Szekeres 1935) Every list of ≥ 𝑛2 + 1 
distinct numbers has a monotone sublist of length ≥ 𝑛 + 1
• Generalization. 𝑟 − 1 𝑠 − 1 + 1

• Theorem (8.3.4, W; Graham-Kleitman 1973) In every labeling of 
𝐸(𝐾𝑛) using distinct integers, there is a walk of length at least 𝑛 − 1 
along which the labels strictly increase
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Summary
• Ramsey number

• Graph Ramsey Theory

• More on pigeonhole principle
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Questions?

https://shuaili8.github.io 
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